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Abstract
We discuss the requirement of single valuedness and periodicity of eigenfunction of the third compo-
nent of the operator of angular momentum. This condition, imposed on a non observable, is often
used to derive that the eigenvalues of angular momentum could be only integer. We re-examine the
arguments based on this requirement and alternate condition imposed by Pauli and show that they
do not follow from the first principles and therefore these constraints can dropped. Consequently,
we arrive to the same conclusion as in [1]: there exist regular, normalizable eigenfunctions with
the non-integer eigenvalues thus a non-integer angular momentum is perfectly admissible from the
theoretical viewpoint. The issue of the nature of eigenvalues forming the spectrum of the angular
momentum remains open. What can be derived from the first principles is that to a fixed value of
the angular momentum L corresponds a discrete spectrum of eigenvalues of the third component
of the angular momentum, m, defined by the relation |m| = L− k, k = {0, 1, · · · , [L]}, where [L] is
an integer part of L.
As a mathematical byproduct of our analysis of eigenfunctions, we present an alternate definition
of a power of a complex number allowing to retain initial translational invariance of a base.
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I. INTRODUCTION
As pointed out in our first publication [1], the issue whether the spectrum of the angular
momentum consists of only integer numbers (in units of Planck’s constant ~; throughout
~ = 1) is analyzed using three different methods, each of them based on specific requirement
either on eigenfunctions or on algebra of commutation relations. All three approaches yield
the same result: the eigenvalues of the angular momentum and its third component can be
only integer [2]-[6].
In [1] we examined approach based on two methods, namely:
• Integer spectrum of eigenvalues follows from the requirement that the eigenfunctions
of the operator of angular momentum must be regular, i.e. normalizable
• Integer spectrum of eigenvalues follows from the commutation relations of the opera-
tors of physical quantities
and showed that neither of these methods guarantee that the spectrum consists of only
integers.
Here we consider third method based on the requirement that the eigenfunction of the
third component of the operator of angular momentum must be a single valued periodic
function with the period 2pi and analyze whether in this framework it can be proven that
the spectrum of angular momentum consists of only integers. Our finding is the same as in
[1], namely that again this is not the case - the statement that in the framework of quantum
mechanics the eigenvalues of angular momentum and its third component are comprised of
only integer numbers is not a strictly proven theoretical result.
This article is organized as follows: in section II we discuss the requirements of single val-
uedness and periodicity of the eigenfunction of the third component of angular momentum.
We show that the eigenfunction is a single valued function and note that the requirement
of single valuedness and periodicity of wave function has no physical grounding. Therefore
establishing the spectrum of observables based on a requirement on a non observable, such
as a wave function, is not a self consistent procedure and contradicts to the first principles
of quantum mechanics . The latter was advocated already by W. Pauli [7]. We discuss the
non uniqueness of eigenfunction in spherical and Cartesian coordinates and show that this
feature is originated by the non uniqueness related with the operation of rising complex
number in an arbitrary (not necessary integer) power.
In section section III we introduce an alternate definition of power of a complex number
which, in distinct of Euler’s prescription, (eiφ)m = eimφ, retains the invariance with regard
translation φ→ φ+2kpi, k is integer and m is the eigenvalue of the third component of the
operator of angular momentum. In the framework of this new definition the eigenfunctions
are the Gauss hypergeometric functions, that are regular, their expansion in series of φ
coincides with the expansion of cos(mφ) and sin(mφ) and simultaneously they are not equal
to cos(mφ) and sin(mφ). We point out and correct the discrepancy in describing relations
between these hypergeometric functions and the trigonometric ones, present in standard
references [8], [9].
In section IV we discuss the alternative method of arguments suggested by Pauli [7].
Instead of demanding periodicity of the eigenfunction which he rejected as a requirement on
a non observable, Pauli introduced a specific selection rule for matrix elements of angular
momentum operator which he considered as a necessary condition for the validity of funda-
mental commutation relations in matrix form. Based on this selection rule, Pauli derived
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that eigenvalues of the angular momentum operator could be only integer. Close exami-
nation shows that commutation relations held without invoking selection rule. Therefore,
first principles of quantum mechanics are satisfied without Pauli’s conjecture and we see
no unavoidable necessity to retain the latter in the theoretical framework. Consequently,
once again there is no proof that theory predicts that the eigenvalues of angular momentum
operator are only integer.
In section V we review in the form of conclusions the issues considered in [1] and in the
present article.
II. ON SINGLE VALUEDNESS OF THE EIGENFUNCTIONS OF THE OPERA-
TOR OF THE THIRD COMPONENT OF ANGULAR MOMENTUM
The third method used to prove that the eigenvalues of the angular momentum and its
third component are only integers, is based on the following arguments (see, e.g. [2]-[4]):
1. Ψm(φ) = exp(imφ), the eigenfunction of the operator of the third component of the
angular momentum Mˆz, is a non single valued function for a non integer values of m.
2. From the physical point of view it is unacceptable that a wave function corresponding
to an observable is a non single valued function.
3. For Ψm(φ) = exp(imφ) to be a single valued, i.e. to correspond to an observable, m
must be an integer.
Let is divide analysis of the above statements in two parts, first, whether Ψm(φ) =
exp(imφ) is a non single valued function and second, whether wave functions has to be
single valued.
We start discussion of the first point by mentioning that as a rule, the issue of the non
single valuedness of wave functions is addressed in spherical coordinates. For example, in
Ref. [3] the eigenfunction equation for the third component of the angular momentum is
considered in spherical coordinates
(−i∂/∂φ)Ψm(φ) = mΨm(φ), Ψm(φ) = exp(imφ), (1)
and without any explanatory comments it is stated that ”If Ψm(φ) is to be a single-valued
function of φ, it is necessary that m should be an integer, m = {0,±1,±2, · · ·}” ([3], Ap-
pendix V). As the text offers no additional comments one may get impression that the
function exp(imφ) by itself is not single valued. Of course this is not so since to one value
of the argument φ and any fixed m there corresponds a single value of the the function
exp(imφ). The opposite is not true, to a fixed value of Ψm(φ) correspond numerous values
of the argument:
φ(k) = φ+ 2pik/m, k = 0,±1± 2, · · · (2)
Discussion of the non single valuedness of functions Ψm(φ) is accompanied by the following
comment in Ref. [4]: ”to become a single valued function, Ψm(φ) must be periodic with the
period 2pi and correspondingly the following condition must hold: Ψm(φ) = Ψm(φ + 2pik),
where k is an arbitrary integer number”. If we accept periodicity of a wave function as
a physical requirement which must necessarily hold, then indeed m has to be an integer.
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However, even in this case it has to be emphasized that the condition of periodicity with
a period 2pi can not turn Ψm(φ) into a single valued function, because already without the
periodicity requirement Ψm(φ) is a single valued function.
None of these authors indicate explicitly why Ψm(φ) = exp(imφ) is considered as a
non single valued. Neither it is explained what physical conditions would be violated if
these functions were non single valued. The necessity of the condition of periodicity is
not elucidated either, therefore, one is left to guess what could have been the underline
arguments here.
The issue probably stems from the introduction of spherical coordinates. Indeed, as
is well known, transition from the Cartesian coordinates to the spherical ones and vice
versa is not a one-to-one correspondence [10] - to a fixed Cartesian coordinates (x, y, z)
correspond fixed spherical coordinates (r, θ, φ), however the opposite is not the case. When
introducing spherical coordinates, the periodicity x(φ) = x(φ + 2pik), y(φ) = y(φ + 2pik),
z(φ) = z(φ + 2pik) is generated which in turn generates the multi valuedness of φ given by
φ = arctan(x/y) + 2pik. Since the introduction of the spherical coordinates iat the same
time is a parameterisation of the physical space, the domain of this variable is restricted to
(0, 2pi) where only one of the boundaries should be included as a possible value of φ. The
reason is simple: in any coordinate system one physical point should be taken into account
only once. Therefore introducing the spherical coordinates does not generate the periodicity
condition f(φ) = f(φ + 2pik) for the eigenfunction of the third component of the angular
momentum. The meaning of φ+2kpi is not mappping of variable φ to some process occurring
in real space. The meaning is as follows: there exists variable φ with the values in range
0 ≤ φ < 2pi or 0 < φ ≤ 2pi, and simultaneously there emerges a discrete-valued dynamical
quantity - the number of rotations k. 1
Another argument for the periodicity of the wave function might be related to the fol-
lowing: physical reality observed in a given system of reference should not differ from the
physical reality observed in a system which has been rotated by 2pi, therefore the corre-
sponding observable quantum mechanical quantities should not differ either. This is again
related to the above mentioned non-uniqueness: when we consider two reference frames the
axis of which coincide there is no operational way to distinguish wether the angle the axis
is 0 or 2pik. Notice that even if it would be possible to justify the periodicity condition
using this argument, it would be still unclear why should one apply periodicity condition to
the wave function which is not an observable quantity, see, e.g., Ref. [7]. Clearly, the phase
factor related to the multi valuedness, exp(im2pik), which is generated by the rotation, has
no effect on the calculated physical quantities. One of the axioms of the quantum mechanics
states that the wave functions can be specified only modulo numerical phase factor [2], [3],
[4]. Therefore, from the requirement that physical reality observed in a given system of
reference should not differ from the physical reality observed in a system which has been
rotated by 2pi, it does not follow that the wave function must be periodical with the period
2pi.
From the mathematical point of view more transparent scheme, avoiding the non-
1 In many textbooks in quantum mechanics, including already mentioned [2], [3], [4] the area of φ is indicated
by a segment closed from both sides, φ ∈ [0, 2pi]. One might think that this is just a typo, or it could be
an implicit argument for supporting condition of periodicity of Ψm(φ). In any case, this is mathematically
inconsistent and incorrect. Correct definition of a domain is of course a segment closed only from one
side, [0, 2pi) or (0, 2pi], see e.g. [10], [11], [12].
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uniqueness generated by introducing spherical coordinates, is the one analyzing the eigen-
functions of the third component of the angular momentum in Cartesian coordinates:
MˆzΨm(x, y, z) = i(y ∂/∂x − x ∂/∂y)Ψm(x, y, z) = mΨm(x, y, z), (3)
the solution of which is given as a power function of a complex variable
Ψm(x, y, z) = f(z; x
2 + y2)(x+ iy)m, (4)
where f is an arbitrary finite differentiable function [5]. Ψm contains non-uniqueness re-
lated with the definition of power function for the case of the non-integer exponent. This
non-uniqueness is not directly related to the non-uniqueness caused by the introduction of
spherical coordinates, however the mathematical nature of the both is similar since both
use the same Euler’s identity exp(ix) = cosx + i sin x [10]-[12]. Unlike the spherical coor-
dinates, the non-uniqueness related to the power functions shows up for any coordinates -
Cartesian, spherical, parabolic etc. Therefore the problem related to this non-uniqueness is
purely mathematical. To better understand the nature of problems related to the spectrum
of the angular momentum, we need to understand details of the mentioned mathematical
problem. Consider the rotation of Cartesian coordinates in φ around the Z axis:
x = x′ cosφ− y′ sinφ; y = x′ sinφ+ y′ cosφ; z = z′; (5)
The operator Mˆz should not change due to such rotations. Indeed, using the relations:
(∂y′/∂y) = cosφ, (∂x′/∂y) = sin φ, (∂y′/∂x) = − sinφ and (∂x′/∂x) = cosφ, we obtain:
Mˆ ′z(x
′, y′) ≡ i(y′ ∂/∂x′ − x′∂/∂y′) = i(y ∂/∂x − x ∂/∂y) ≡Mz(x, y) (6)
Operator Mˆz possess two symmetries. The first one is related to rotations around Z axis:
Mˆz(x, y) = Mˆz(x
′, y′). The second is related to scale transformations: x→ λx, y → λy →
Mˆz(λx, λy) = Mˆz(x, y). Not every Ψm is rotational and scale invariant. For example, if in
Eq. (4) we assume that f(z; x2+y2) = 1, then the scale invariance is violated in corresponding
Ψm: Ψm(λx, λy) 6= Ψm(x, y). Scale invariance holds when the coefficient function is chosen
as:
f(z; x2 + y2) = g(z)(x2 + y2)−m/2; (7)
As for the rotational symmetry, the wave function transforms as follows:
Ψm(x, y, z) = f(z; x
2 + y2)(x+ iy)m → f(z; x′2 + y′2)[(x′ + iy′)(cosφ+ i sinφ)]m
= (cosφ+ i sin φ)mΨm(x
′, y′, z′); (8)
To understand this result, let us consider the obtained relation both from mathematical and
from the quantum-mechanical point of view.
Construction (x+ iy), unlike Mˆz(x, y), is non-invariant under the rotations (5), however,
when φ is an integer multiple of 2pi, x + iy is invariant, (x + iy) → (x′ + iy′)(cos 2pik +
i sin 2pik) = (x′+ iy′), in full agreement with empirical facts. As for the function Ψm(x, y, z),
due to the rotation on 2pik angle it acquires numerical factor (cos 2pik + sin 2pik)m = (1)m.
This factor for a non-integer m represents the source of the non-uniqueness related to the
periodicity in case of power functions. Let us mention once again that this non-uniqueness is
related to the non-uniqueness of the power function and is not directly related to periodicity.
The fact that (1)m for non-integer m is not an uniquely defined quantity is reflected in the
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fact that there exist several non-equal quantities A = {Am} which satisfy the condition
(Am)
1/m=1. In the spectrum of these quantities there may be ones for which symmetries of
the starting expression are satisfied and others for which these symmetries are broken. E.g.,
let us consider power function Am(x) = (x
2)m for m = 1/2:
A1/2(x) = (x
2)1/2 = {±x;±|x|}; (9)
The starting function, A1 = x
2, is evidently an even function : A1(x) = A1(−x). If we use
either of the first two prescriptions of Eq. (9) for the square root operation - A
(1)
1/2 = −x or
A
(2)
1/2 = x then the symmetry characterising the initial function will be spontaneously broken.
The remaining two prescriptions A
(3,4)
1/2 = ±|x| retain the original symmetry. Let us consider
the power function Bm(φ) = (cosφ + i sin φ)
m from the point of view of this phenomenon.
The starting function of this power function B1(φ) = (cosφ + i sin φ) is invariant under
translations with 2pik:
B1(φ) = B1(φ+ 2pik); (10)
The prescription, defined by the Euler’s identity cosx+ i sin x = eix
Bm(φ)
(Euler) = [B1(φ)]
m = (cosφ+ i sinφ)m = [exp(iφ)]m = exp(imφ), (11)
which is used in the definition of the power function, leads to the result where the transla-
tional symmetry (10) of the starting function is broken for the non-integer m:
Bm(φ)
(Euler) 6= Bm(φ+ 2pik)
(Euler); (12)
Notice that Euler’s prescription (11) is first defined for only integer m (see, e.g. [10]) and
then relation (11) is extended to a non-integer m. The relation (11) as a mathematical
construction that is completely correct and self consistence since it is obtained by using
a well-defined mathematical prescription. However this does not mean that there cannot
exist a different prescription Bm(φ)
(other) that, in distinct of Bm(φ)
(Euler), retains the starting
symmetry of Eq. (10):
Bm(φ)
(other) = Bm(φ+ 2pik)
(other). (13)
One possible example of such a prescription will be given in the next section. This other
prescription for a power function brings in changes in the analysis of the quantum mechanical
problem of the angular momentum as well as in the complex analysis.
The technical detail is very similar to one mentioned in Ref. [1]. Let us recapitulate it
here.
The eigenfunctions of Mˆ2, the operator of the square of the angular momentum are given
by the solution of the equation
Mˆ2ΨM(ξ|L;m) = L(L+ 1)ΨM(ξ|L;m), (14)
where ξ ≡ cos θ, θ being zenith angle and the third component of the operator of the angular
momentum operator is replaced by its eigenvalue Mˆz → m. The operator Mˆ
2 is an even
function of m:
Mˆ2(m) = Mˆ2(−m), (15)
This property of the invariance under the reflection of the sign of m must be present in the
solutions of Eq. (14). Indeed, as shown in Ref. [1], Eq. (14), which is a differential equation
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of the second order, has two linearly independent solutions Ψ0M(ξ|L;m) and Ψ
1
M(ξ|L;m)
which satisfy the condition:
Ψ0M(ξ|L;m) = Ψ
0
M(ξ|L;−m); Ψ
1
M(ξ|L;m) = Ψ
1
M(ξ|L;−m); (16)
These functions themselves are given as products:
Ψ0M(ξ|L;m) = (1− ξ
2)β2F1
(
1
2
+ β +
L
2
, β −
L
2
,
1
2
; ξ2
)
,
Ψ1M(ξ|L;m) = ξ(1− ξ
2)β2F1
(
1 + β +
L
2
,
1
2
+ β −
L
2
,
3
2
; ξ2
)
, (17)
where 4β2 = m2 and 2F1(a, b; c; ξ) are the Gauss’s hypergeometric functions. In general the
factors in Eq.(17) violate the above mentioned symmetry:
(1− ξ2)β 6= (1− ξ2)−β; 2F1(a, b; c; ξ)|β 6= 2F1(a, b; c; ξ)|−β. (18)
That is, when representing solutions to the Eq. (14) in the form of Eq. (17) we are moving
from the class of invariant functions ΨM(ξ|L;m) to the class of non-invariant functions.
This transition is determined by the definition of the square root in 2β = (m2)1/2 and thus
is completely spontaneous. If we use the prescription (m2)1/2 = ±|m|, then the factors in
(17) are individually invariant at m → −m. If we choose the prescription (m2)1/2 = ±m
then the factors in Eq. (17) are extended to the class of non-invariant functions. The
products, Ψ0, 1M (ξ|L;m), are of course invariant for any prescription for (m
2)1/2. Prescriptions
(m2)1/2 = ±|m| and (m2)1/2 = ±m lead to quite different solutions to Eq. (14): in case of
realising the conditions of polynomialization, imposed on solutions to avoid singularities
(see Ref. [1]) for (m2)1/2 = ±|m| the sets of eigenfunctions consist of normalisable function
only, and in case of (m2)1/2 = ±m they contain normalisable as well as non normalisable
functions.
Similarly, when analyzing the eigenvalue/eigenfunction problem for the third component
of the angular momentum, one may anticipate that there exists prescription for the power
function for which the function Bm(φ) = (cosφ + i sin φ)
m has the symmetry (10) of the
starting expression and the Eq. (13) is satisfied. In this case the eigenfunction of the third
component will be defined in such a way that the problem on non-uniqueness, related to
the rotation, will not appear for the power functions at all. Within such a prescription the
following relation must hold:
Bm(2pik) = (cos 2pik + i sin 2pik)
m = (1)m = 1. (19)
We finalise the discussion of mathematical aspects of Eq. (8) by pointing out one more
feature. To do so we present the eigenfunction equation for Mˆz in Cartesian and spherical
coordinates:
MˆzΨm(x, y) = i(y∂/∂x − x∂/∂y)Ψm(x, y) = mΨm(x, y); (20)
MˆzΨm(φ) = −i(∂/∂φ)Ψm(φ) = mΨm(φ). (21)
Equation in the spherical coordinates under the scale transformation φ′ = mφ satisfies
following condition:
−i(∂/∂φ′)Ψm(φ
′/m) = Ψm(φ
′/m). (22)
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Nothing similar to (22) is observed in Cartesian coordinates. This means that transiting
from Cartesian to spherical coordinates generates properties which are absent in Cartesian
coordinates. This is what defines the difference between eigenfunctions of the third com-
ponent of the angular momentum in two coordinate systems. In particular, in Cartesian
coordinates the eigenfunctions of Mˆz belong to the class of power functions of the coordi-
nates. In spherical coordinates, using the Euler’s prescription, the eigenfunctions belong to
the class of exponential functions of the spherical coordinate - not to the class of the power
functions.
Let us discuss Eq. (8) from the quantum mechanical point of view.
Under rotations of the reference frame on angle 2pik the operator Mˆz does not change
while the corresponding eigenfunctions gain a factor which for the Euler’s prescription has
the form:
cm = (cos 2pik + i sin 2pik)
m =
{
1m
exp(i2pikm)
. (23)
Remember that in quantum mechanics wave function is defined up to a c-number numerical
factor which allows to introduce the phenomenon of normalised wave functions and after
normalization is performed the phase of the c-number factor still remains arbitrary [2]-[4].
The quantity in Eq. (23) fits within this non-uniqueness of the phase factor and from the
quantum mechanical point of view it makes little, if any sense to try to connect it with any
physical phenomenon. Clearly the requirement of single valuedness of wave function is not
supported by any physical principle. Exactly this point of view is stated by Pauli in [7], to
which we completely agree and the details of Pauli’s statement will be discussed below in
section IV.
III. ON ALTERNATIVE DEFINITION OF THE POWER FUNCTION
Consider a representation of the power function:
Ψ(m;φ) = (cosφ+ i sinφ)m = exp(imφ), (24)
which is obtained by exponentiating Euler’s identity cosφ+ i sinφ = exp(i φ). This identity
has the following property of translational invariance:
cosφ+ i sinφ = cos(φ+ 2pik) + i sin(φ+ 2pik),
exp(i φ) = exp(i φ+ i 2pik), (25)
which is spontaneusly broken in Eq. (24). As a result of this breaking the following numerical
relation emerges:
[cos(2pik) + i sin(2pik)]m = (1)m = cos(2pikm) + i sin(2pikm). (26)
This leads to the following spectrum
(1)m = {1; cos(2pim) + i sin(2pim); cos(4pim) + i sin(4pim); · · ·}; (27)
For m integer invariance regarding translations φ → φ + 2kpi is restored in Eq. (24) and
the spectrum (27) collapses into (1)m = {1; 1; 1; · · ·} = 1. For the non-integer values of m
Euler’s representation of power function has a simple problem. Namely, in the algebra of
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real numbers as well as in the complex analysis the following statement the following axiom
is implied: if any mathematical expression X is multiplied by unity, this expression should
not change. Algebraically this axiom is written as X = 1×X . Another axiom is expressed
by the following relation:
F (X) = F (1×X) = F (1× 1×X) = · · · = F ((1)k ×X) = · · · , (28)
where F (X) is some function of X . Eq. (28) is postulated to be an identity and applying it
to the Euler’s representation of the power function we obtain
(cosφ+ i sinφ)m = [(1)k(cosφ+ i sinφ)]m = (1)mk exp(imφ), (29)
For all the values of the spectrum of Eq. (27) and non-integer m Eq. (29) is no longer an
identity, moreover, it yields wrong results. The reason for this is known and is related to
the non-uniqueness of power function with the non integer exponents [11], [12]. One of the
main characteristics of this non-uniqueness is the multiplicity of the spectrum of Eq. (27).
For example, in case of m = 1/2 we have:
(1)1/2 = {1;−1; 1;−1; · · ·}; (30)
This set contains only two numerical values which can be indicated through the following
simple relation in the algebra of real numbers: (1)1/2 =
{
+1
−1
. The same relation can be
also written as (1)1/2 =
{
−1
+1
. That is, the ordering of elements plays no role in indicating
the relation between the left hand and right hand sides of the equality: (±1)2 = [(1)1/2]2 = 1.
The form of Eq. (30) is a concrete presentation of the elements in this set, which is known
in mathematics as introduction of the ordering [13].
E.g., when using the ordering of the form of Eq. (30) in the theory of complex variables,
for the square root we obtain:
(cosψ + i sinψ)1/2 = [cos(φ+ 2pik) + i sin(φ+ 2pik)]1/2 = exp(i ψ/2) = exp(i φ/2 + ipik);
ψ = φ+ 2pik, 0 ≤ φ < 2 pi. (31)
Eq. (31) is interpreted as follows: the result is a function with two sheets in which one sheet
corresponds to even values of k and another to odd values. That is, if the numerical values
of φ are located in [0, 2pi], [4pi, 6pi], · · · segments we get the periodically arranged set corre-
sponding to the first sheet and if the numerical values of φ are located in [2pi, 4pi], [6pi, 8pi], · · ·
segments we get the periodically arranged set corresponding to the second sheet [10]-[12]. In
other words, Euler’s prescription for the power of a complex number, Eq. (11), implies the
realisation of all possible values in the spectrum emerging in taking power of a complex num-
ber and an introduction of a certain ordering in this set of values is understood. Therefore
one can say that in the theory of complex variables Eq. (11) is a concrete prescription for
resolving the non-uniqueness related to the operation of taking power of a complex number
by introducing specific ordering of a set of values of a power. Evidently, Euler’s prescription
(10) violates the property (25) of translational invariance of the starting expression.
One may wonder if it is possible define function Ψ(m;φ) so that the the translational
invariance of the starting expression is preserved, i.e. that for any m we have
Ψ(m;φ) = Ψ(m;φ+ 2pik). (32)
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To address this issue let us rewrite Eq. (1) written for complex functions in the form of
equations for real and imaginary parts of Ψ(m;φ):
dΨR/dφ = −mΨI , dΨI/dφ = mΨR,
d2ΨR/dφ
2 = −m2ΨR, d
2ΨI/dφ
2 = −m2ΨI . (33)
These second order differential equations are have two linearly independent solutions.
Simplest realization of these solutions is given by ΨEulerR = cos(mφ) and Ψ
Euler
I = sin(mφ),
which correspond to the complex function given by Euler’s parameterization of Eq. (24).
Different solutions are obtained if a substitution of variables z = sin2 φ is made in Eq. (33).
In this case, analogously to the case with the square of the angular momentum the equation
for Gaus’s hypergeometric function is obtained (see, e.g. Ref. [1] or Ref. [9]):[
z(1− z)d2/dz2 + [c− (a + b+ 1)z]d/dz − ab
]
ΨR,I = 0;
c = 1/2; a = m/2; b = −m/2. (34)
This equation has the following solutions:
Ψ0 = 2F1 (a, b; c; z) = 2F1
(
m/2,−m/2; 1/2; sin2 φ
)
;
Ψ1 = z1−c2F1 (a− c+ 1, b− c + 1; 2− c; z)
= sin φ 2F1
(
m/2 + 1/2,−m/2 + 1/2; 3/2; sin2 φ
)
; (35)
Note that since for the given values of a, b and c Eq. (34) is invariant under z → 1 − z,
instead of linearly independent solutions of Eq. (35) we can use two alternative solutions
specified as:
Ψ00 = 2F1
(
m/2,−m/2; 1/2; cos2 φ
)
;
Ψ11 = cosφ 2F1
(
m/2 + 1/2,−m/2 + 1/2; 3/2; cos2 φ
)
; (36)
Using these solutions, functions ΨR and ΨI , satisfying equations (33) should be constructed.
For example, we can choose ΨR = Ψ
0. The corresponding function ΨI , imaginary part of
Ψ, is given by the following expression:
ΨI = −(1/m)dΨR/dφ = −(1/m)dΨ
0/dφ = m cosφ sinφ 2F1
(
1 +m/2, 1−m/2; 3/2; sin2 φ
)
= m sin φ 2F1
(
m/2 + 1/2,−m/2 + 1/2; 3/2; sin2 φ
)
= mΨ1; (37)
This ΨI indeed satisfies Eq. (33):
dΨI/dφ = m dΨ
1/dφ = (m/2 sinφ)2 cosφ sinφ 2F1
(
m/2 + 1/2, 1−m/2 + 1/2; 1/2; sin2 φ
)
= m 2F1
(
m/2,−m/2; 1/2; sin2 φ
)
= mΨR; (38)
One can also construct the ΨR and ΨI functions for the pair of solutions in Eq. (36). One
can also obtain other pairs of solutions corresponding to other substitutions of variables. It
is not our aim to enumerate such pairs. Therefore as a demonstration we quote only one
possible pair:
t = (1− sinφ)/2;
[t(1 − t)(d/dt)2 + (1/2− t)(d/dt) +m2]Ψ = 0; c = 1/2; a = m; b = −m;
Ψ0 = 2F1 (a, b; c; t) = 2F1 (m/2,−m/2; 12; (1− sin φ)/2) ;
Ψ1 = f 1−c2F1 (a− c+ 1, b− c+ 1; 2− c; t)
= [(1− sin φ)/2]1/2 2F1 (m+ 1/2,−m+ 1/2; 3/2; (1− sinφ)/2) . (39)
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We are interested only in whether the functions ΨHypergR and Ψ
Hyperg
I obtained using
the above given hypergeometric series satisfy the condition of translational invariance of
Eq. (32):
ΨHypergR (φ+ 2pik) = Ψ
Hyperg
R (φ); Ψ
Hyperg
I (φ+ 2pik) = Ψ
Hyperg
I (φ). (40)
Since the arguments of the hypergeometric functions are periodic functions of φ, translational
invariance is satisfied.
A natural question arises, what is the connection between the functions ΨR and ΨI and the
functions obtained using the Euler’s prescription: ΨEulerR = cos(mφ) and Ψ
Euler
I = sin(mφ)?
First of all let us enumerate the similarities:
i) Both ΨHyperg and ΨEuler are infinitely differentiable, continuous and single-valued.
This statement is trivial for the functions ΨEulerR = cos(mφ) and Ψ
Euler
I = sin(mφ). It is
also not difficult to prove this property for ΨHypergR and Ψ
Hyperg
I . Indeed, using Eq. (33) we
readily obtain that the derivatives exist and they are finite:
d2k
dφ2k
ΨHypergR = (−m
2)kΨHypergR ,
d2k+1
dφ2k+1
ΨHypergR = −m(−m
2)kΨHypergI ,
d2k
dφ2k
ΨHypergI = (−m
2)kΨHypergI ,
d2k+1
dφ2k+1
ΨHypergI = −m(−m
2)kΨHypergR . (41)
By taking into account that the functions ΨHyperg satisfy conditions ΨHypergR (m;φ) =
ΨHypergR (m;−φ) and Ψ
Hyperg
I (m;φ) = −Ψ
Hyperg
I (m;−φ) it is straightforward to show that
the series expansion of these functions is as follows:
ΨHypergR (m;φ) = Ψ
Hyperg(k)
R (m; 0)
φk
k!
= (−m2)k
φ2k
(2k)!
,
ΨHypergI (m;φ) = Ψ
Hyperg(k)
I (m; 0)
φk
k!
= m(−m2)k
φ2k+1
(2k + 1)!
. (42)
Therefore, the second main similarity of functions ΨHyperg and ψEuler is:
ii) Taylor expansions of the functions ΨHypergR (m;φ) and Ψ
Euler
R (m;φ) = cos(mφ) coincide;
Taylor expansions of the functions ΨHypergI (m;φ) and Ψ
Euler
I (m;φ) = sin(mφ) also coincide.
Despite sharing properties i) and ii) the functions ΨHyperg and ΨEuler differ substantially.
This difference is the reason why the relations given in some standard references (see e.g.
Ref. [9], 15.1.15, 15.1.17)
2F1(−m/2, m/2; 1/2; sin
2 φ) = cos(mφ);
m sinφ 2F1(1/2−m/2, 1/2 +m/2; 3/2; sin
2 φ) = sin(mφ) (43)
are Incorrect. Indeed, as we seen above, ΨHyperg satisfy the condition of translational in-
variance (40) and the functions ΨEuler do not satisfy them. This means that these functions
are not equal. This is very interesting phenomenon which needs to be studied however it is
beyond the scope of this paper. The only comment we make here is that this the necessity of
restricting Eq. (43) has been also noticed by some mathematicians [14]. For us it is important
that we have been able to construct such an eigenfunctions of the operator of the third com-
ponent of the angular momentum, that, unlike the functions ΨEuler = {cos(mφ), sin(mφ)}
satisfy the condition of periodicity of (40).
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To summarize, prescription for a power of a complex number, retaining translational
invariance for any real exponent m is as follows:
(x+ iy)m = ρm [ΨR(α, mφ) + iΨI(β, mφ)] (44)
where ΨR, I are solutions of Eq. (1) presented in terms of functions with arguments periodic
in φ, ρ is an arithmetic root, ρ = +
√
x2 + y2, φ = tan−1(y/x) and α, β are parameters
appearing in the solutions.
Two possible ΨR, I were given above; let us quote one concrete possibility:
(cosφ+ i sinφ)m = 2F1
(
m/2,−m/2; 1/2; sin2 φ
)
+
im sinφ 2F1
(
m/2 + 1/2,−m/2 + 1/2; 3/2; sin2 φ
)
. (45)
For m integer (44) turns into the Euler prescription (x + iy)m = ρm (cos(mφ) + i sin(mφ))
which is invariant for φ→ φ+ 2kpi.
Lastly, let us discuss the hermiticity of the operator Mˆz with regarding solutions.Operator
is Hermitian if the following relation is satisfied:
∫ 2π
0
dφΨ(m′;φ)∗MˆzΨ(m;φ) =
∫ 2π
0
dφ [MˆzΨ(m
′;φ)]∗Ψ(m;φ). (46)
For the condition of hermiticity to hold, the surface term in
∫ 2π
0
dφΨ(m′;φ)∗(−i∂/∂φ)Ψ(m;φ) = −i[Ψ(m′; 2pi)∗Ψ(m; 2pi)−Ψ(m′; 0)∗Ψ(m; 0)]
+
∫ 2π
0
dφ [−i∂/∂φΨ(m′;φ)]∗Ψ(m;φ); (47)
must vanish. If in Eq. (47) we use functions of ΨEuler = exp(imφ), for the surface term we
obtain:
i
(
1− ei2π(m−m
′)
)
(48)
Expression (48) vanishes when m−m′ is an integer, i.e. for the operator Mˆz to be Hermitian,
it is not necessary that eigenvalues of Mˆz are integer; the spectrum with the m−m
′ integer
is sufficient. In this case the orthogonal basis can be constructed using functions ΨEuler.
When using functions ΨHyperg(m;φ) = ΨHypergR (m;φ) + iΨ
Hyperg
I (m;φ), the surface term
Ψ(m′; 2pi)∗Ψ(m; 2pi)−Ψ(m′; 0)∗Ψ(m; 0) vanishes for any values of m and m′ since according
to (40) ΨHyperg(m; 0) = ΨHyperg(m; 2pi), therefore hermiticity is respected.
IV. ON PAULI’S APPROACH TO QUANTIZATION OF THE ANGULAR MO-
MENTUM
Pauli criticised requirement of single valuedness of wave functions and instead introduced
a new condition [7] (see also [15]).
Let us quote from his work: ”As I mentioned in one of my previous papers, there is no
a priori convincing argument stating that the wave functions which describe some physical
states must be single valued functions. For physical quantities, which are expressed by squares
of wave functions, to be single valued it is quite sufficient that after moving around a closed
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contour these functions gain a factor exp(iα), ... In addition let us introduce the following
physical condition: by applying components of the angular momentum Mˆk (k = x, y, z)
to a given system of regular (i.e. quadratically integrable) eigenfunctions of the square of
angular operator Mˆ2 corresponding to a fixed eigenvalue we should not leave this system
of eigenfunctions ... Of course it is implicitly implied in our condition that the functions
obtained by acting with Mˆk must be also regular.” [7].
As already mentioned above in section II we completely agree with Pauli that the re-
quirement of the single valuedness of the wave function is not physical. Regarding the new
condition imposed by Pauli as an alternative to the above requirement of single valuedness
of the wave function we state that from the physical point of view condition introduced by
Pauli is by no means better than the requirement of single valuedness of the wave function
declared by himself as unsatisfactory. To better understand why it is so let us follow the
logic of arguments by Pauli.
The cornerstone of arguments is as follows: for a non integer L and m it is possible to
construct the eigenfunctions of Mˆ2 and Mˆz such that the relations
〈L,m|Mˆx|L
′, m〉 = 0, 〈L,m|Mˆy|L
′, m〉 = 0 (49)
will be violated, and (49) should always hold providing L 6= L′ [7]. According to Pauli,
Eq. (49) is nothing else but a special case of general selection rules for the matrix elements
of commuting self adjoint operators. Let us consider these rules in details.
As is well-known, to construct a Hilbert space, we should start by identifying the com-
plete set of commuting operators in {Mˆ2, Mˆx, Mˆy, Mz} (see e.g. [2]). Without the loss of
generality one can chose the set {Mˆ2, Mˆz} and as a result, the status of the operators Mˆz
and Mˆx, Mˆy differ. Indeed, since the Hilbert space is spanned by the eigenfunctions of Mˆ
2
and Mˆz, the selection rules for matrix elements of these operators are
〈L,m|Mˆz|L
′, m′〉 = mδLL′δmm′ , 〈L,m|Mˆ
2|L′, m′〉 = L(L+ 1) δLL′δmm′ . (50)
Evidently, in the Hilbert space spanned by eigenfunctions of Mˆ2 and Mˆz the matrices of
functions of these operators given by series
f(Mˆ2; Mˆz) =
∞∑
k,l=0
bkl(Mˆ
2)k(Mˆz)
l (51)
are also diagonal.
To demonstrate that the status of operators Mˆx and Mˆy is different let us discuss how
the selection rules (49) are derived. This is done by considering relations [Mˆ2, Mx] = 0 and
[Mˆ2, My] = 0 sandwiched by |L,m〉 and |L
′, m〉. Formal derivation is as follows:
〈L,m|
[
Mˆ2, Mˆx
]
|L′, m〉 = 〈L,m|0|L′, m〉 = 〈L,m|Mˆ2Mˆx − MˆxMˆ
2|L′, m〉 =
(L− L′)(L+ L′ + 1)〈L,m|Mˆx|L
′, m〉 = 0,
〈L,m|
[
Mˆ2, Mˆy
]
L′, m〉 = 〈L,m|0|L′, m〉 = 〈L,m|Mˆ2Mˆy − MˆyMˆ
2|L′, m〉 =
(L− L′)(L+ L′ + 1)〈L,m|Mˆy|L
′, m〉 = 0. (52)
Obviously, when L 6= L′, relations (52) are satisfied if (49) is valid. Let us recall that
the Pauli’s suggestion is exactly that the selection rules (49) are physical, and not the
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formal requirements of theory. The logic is that the operators of observables commute,[
Mˆ2, Mˆx, y
]
= 0, so the vanishing of the matrix elements of the commutator is a phys-
ical requirement that theory should satisfy and this fact can not be demonstrated un-
less the selection rules (49) are valid. But, to satisfy the fundamental selection rule
〈L,m|
[
Mˆ2, Mˆx, y
]
|L′, m〉 = 0, we don’t necessarily need (49) and thus the status of the
selection rule (49) is not necessarily a physical requirement.
To show that the vanishing of [Mˆ2, Mx] can be verified without (49), we need to use
relations derived in [1]:
Mˆ−Ψ0Mm(φ; ξ|L;m) = −(m+ L)(L−m+ 1)Ψ
1
Mm(φ; ξ|L;m− 1),
Mˆ−Ψ1Mm(φ; ξ|L;m) = Ψ
0
Mm(φ; ξ|L;m− 1),
Mˆ+Ψ0Mm(φ; ξ|L;m) = (L−m)(L+m+ 1)Ψ
1
Mm(φ; ξ|L;m+ 1),
Mˆ+Ψ1Mm(φ; ξ|L;m) = −Ψ
0
Mm(φ; ξ|L;m+ 1),
Ψ0, 1Mm(φ; ξ|L;m) = e
imφΨ0, 1M (ξ|L;m),
Mˆ2(m2)Ψ0, 1Mm(φ; ξ|L;m) = L(L+ 1)Ψ
0, 1
Mm(φ; ξ|L;m). (53)
In (53) Mˆ± ≡Mx±iMy, Ψ
0, 1
Mm are eigenfunctions of Mˆ
2 and Eqs. (53) are valid for the regu-
lar, denoted by Ψ0R, 1RMm (φ; ξ|L;m), as well as for the singular Ψ
0S, 1S
Mm (φ; ξ|L;m) eigenfunctions
of Mˆ2.
As an example let us consider the action of the operator [Mˆ2, Mˆx] on functions
Ψ0Mm(φ; ξ|L;m):
[Mˆ2, Mˆx]Ψ
0
Mm(L;m) = (Mˆ
2Mˆx − MˆxMˆ
2)Ψ0Mm(L;m)
= {Mˆ2(Mˆ+ + Mˆ−)/2− L(L+ 1)Mˆx}Ψ
0
Mm(L;m)
= Mˆ2{(L−m)(L+m+ 1)Ψ1Mm(L;m+ 1)− (m+ L)(L−m+ 1)Ψ
1
Mm(L;m− 1)}/2
−L(L+ 1)MˆxΨ
0
Mm(L;m)
= L(L+ 1){(L−m)(L+m+ 1)Ψ1Mm(L;m+ 1)− (m+ L)(L−m+ 1)Ψ
1
Mm(L;m− 1)}/2
−MˆxΨ
0
Mm(L;m) = L(L+ 1){MˆxΨ
0
Mm(L;m)− MˆxΨ
0
Mm(L;m)} = 0. (54)
Thus, when acting with the commutator [Mˆ2, Mˆx] on eigenfunctions of Mˆ
2 and Mˆz , funda-
mental relation [Mˆ2, Mˆx] = 0 is satisfied without requiring sum rule (49) to hold. Therefore
selection rule (49) introduced by Pauli as the physical requirement is not a physical condition
that must be necessarily satisfied.
Question is, if the mathematics used in verifying the vanishing of commutator as con-
sidered in (54) is correct and well defined, than how to interpret observation that relations
(52) require that selection rules (49) are necessary to ensure the vanishing of [Mˆ2, Mx]. To
answer this let us recall that Pauli considers the case of a half integer value m = 1/2 [7]. For
m = 1/2, in calculating matrix element (52) one term contains both regular and singular
state vectors (one term in Mˆx|m = 1/2〉 will be |m = −1/2〉). In this case the so-called
surface term arisies in integration. This term appears because the operator Mˆ2 in (52)
acts on both bra and ket vectors, in other words the surface term describes the difference
between the Mˆ2|〉 and 〈|Mˆ2. These surface terms do not vanish and they guarantee that the
matrix elements of the fundamental commutation relations
[
Mˆ2, Mˆk
]
are fulfilled without
demanding the validity of the selection rules (49).
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We demonstrate this feature on the simpler example on the matrix elements of
[
Mˆz, φˆ
]
=
−i. As we have showed in a previous section, when th eigenfunctions are chosen as Ψ(φ|m) =
eimφ operator Mˆz = −i∂/∂φ is Hermitian provided that the spectrum satisfies condition
m−m′ = integer. φˆ is also Hermitian:
∫ 2π
0
dφ [Ψ(φ|m)]⋆ φΨ(φ|m) =
∫ 2π
0
dφ [φΨ(φ|m)]⋆ Ψ(φ|m). (55)
Though both operators are Hermitian and there are no singularities in space spanned by the
eigenfunctions 〈m|φ〉 = Ψ(φ|m), evaluating matrix element as
〈m|Mˆzφˆ− φˆMˆz|m
′〉 = m〈m|φˆ|m′〉 −m′〈m|φˆ|m′〉 = (m−m′)〈m|φˆ|m′〉, (56)
since this contradicts to
[
Mˆz, φˆ
]
= −i. Indeed, straightforward calculation shows:
(m−m′)〈m|φˆ|m′〉 = (m−m′)
∫ 2π
0
dφe−imφφeim
′φ =
2pii− (m−m′)−1
[
ei2π(m
′−m) − 1
]
6= −i〈m|m′|〉. (57)
It is easy to show that when m−m′ is integer, m−m′ = k,
(m−m′)〈m|φˆ|m′〉|m−m′=k = 2pii
(
1− δ0(m−m′)
)
= 2pii− i〈m|m′〉 6= −i〈m|m′〉. (58)
The error can be fixed realizing that even in the case m − m′ integer the relation
〈m|φMˆz|m
′〉 = m′〈m|φ|m′〉 is correct, and the relation 〈m|Mˆzφ|m
′〉 = m〈m|φ|m′〉 is not.
Indeed:
〈m|Mˆzφ|m
′〉 =
∫ 2π
dφ
[
eimφ
]⋆
(−i∂/∂φ)φeim
′φ = −2piie2πi(m−m
′) +
∫ 2π
0
dφ
[
(−i∂/∂φ)eimφ
]⋆
φ.eim
′φ = −2pii+m〈m|φ|m′〉. (59)
Using (58) and (59) we obtain equation which, in distinct of Eq. (56), respects fundamental
commutation relation
[
Mˆz, φˆ
]
= −i:
〈m|Mˆzφˆ− φˆMˆz|m
′〉 = −2pii+m〈m|φ|m′〉 −m′〈m|φ|m′〉 = −iδ0,(m−m′). (60)
An example above demonstrates that the fundamental commutation relations in Hilbert
space and for matrix elements can be and are satisfied without invoking selection rules
like ones postulated in [7]. Pauli used selection rule (49) to show that the eigenvalues
of angular momentum could be only integer and half-integer [7] and indeed if start from
(49) the eigenfunctions with the non integer eigenvalues do not appear. As we have shown
in [1], non-integer eigenvalues are admissible from the theoretical viewpoint. Since (49)
is not a physical condition, dropping it does not lead to any theoretical contradiction or
inconsistency.
Let us discuss the measurability of the components of the angular momentum operator.
When the complete set of commuting operators is given by Mˆ2 and Mˆz this means that
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in the corresponding scheme of measurement their corresponding eigenvalues are exactly
measurable. In the same scheme Mˆx and Mˆy operators are not measurable quantities and
therefore imposing with their help any conditions on eigenfunctions of Mˆ2 and Mˆz is as
inconsistent as imposing the condition of single valuedness on the wave function. On the
other hand, in the framework of quantum mechanics it is possible to prepare such a scheme
of measurements in which, within some uncertainty, eigenvalues of non-commuting operators
are also measurable. Such states in quantum mechanics are called mixed states and they have
the same physical status as the pure states which are built using eigenstates of commuting
operators [2]-[4]. According to quantum mechanics the mixed states are represented by
certain superpositions of normalizable pure wave functions. In this case the components
of the angular momentum are required to satisfy the following condition is imposed on all
measurable quantities:
〈ΨRMm(L
′;m′)|Mˆk|Ψ
R
Mm(L;m)〉 <∞; (61)
This condition is satisfied not only for regular functions corresponding to integer-valued
spectrum but also for regular functions corresponding to non-integer-valued spectrum. It is
not difficult to demonstrate this statement explicitly. Indeed the regular eigenfunctions of
the square of the angular momentum and its third component are orthogonal for integer-
valued as well as non-integer-valued spectrum:
〈ΨMm(L;m)|ΨMm(L
′;m′)〉 =
∫ 1
−1
dξ
∫ 2π
0
dφ[ΨRMm(φ; ξ|L;m)]
∗ΨRMm(φ; ξ|L
′;m′) = δLL′δmm′ ;
(62)
Correspondingly, when sandwiched between the mixed states, Mˆx and Mˆy will have non-
vanishing matrix elements only in case whenm′ = (m±1). Indeed, in this case by acting with
Mˆx and Mˆy on Ψ
R
Mm(φ; ξ|L
′;m′) two terms are generated one of which is ΨRMm(φ; ξ|L
′;m),
i.e. one term is the eigenfunction with the same m. For m′ 6= m ± 1 such a term does
not appear. Therefore in case when m′ does not satisfy the above mentioned selection rule
the matrix element 〈ΨMm(L
′;m′)|Mˆk|ΨMm(L;m)〉 vanishes due to orthogonality (51).When
m′ = m±1, term ΨRMm(φ; ξ|L
′;m) generated from MˆxΨ
R
Mm(φ; ξ|L
′;m±1), in case of integer
eigenvalues is regular, therefore the condition of Eq. (61) is trivially satisfied.
For non-integer eigenvalues the function ΨMm(φ; ξ|L;m) may be regular as well as sin-
gular. For regular functions the condition of Eq. (61) is again trivially satisfied, analo-
gously to the case of integer eigenvalues. For the singular case, when one out of two terms
of Mˆk|Ψ
R
Mm(L;m)〉 is a singular function, let us recall that the degree of singularity of
ΨMm(φ; ξ|L;m) is given by factor (1 − ξ
2)−|m|/2 [1]. In the matrix element (61) this singu-
lariryis fully regularized by the factor (1− ξ2)|m|/2, present in [ΨRMm(φ; ξ|L;m)]
∗. Therefore
the condition of Eq. (61) is satisfied for integer as well as for non-integer eigenvalues. Evi-
dently, condition analogous to Eq. (61) is guaranteed for any integer powers of Mˆx and Mˆy
and for their linear combinations.
Thus we are led to the conclusion that the condition, ”...by applying components of
the angular momentum Mˆk (k = x, y, z) to a given system of regular (i.e. quadratically
integrable) eigenfunctions of the square of angular operator Mˆ2 corresponding to a fixed
eigenvalue we should not leave this system of eigenfunctions ... Of course it is implicitly
implied in our condition that the functions obtained by acting with Mˆk must be also regular.”
[7], does not single out the integer eigenvalues of the angular momentum as preferable ones.
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V. CONCLUSIONS
The eigenvalue equation for Mˆ2 is the second order linear homogenous differential equation
and therefore it has two linearly independent solutions. Any linear combination of two
concrete solutions is also a solution. In [1] we showed that besides the solution correspond-
ing to the only integer spectrum of eigenvalues, there also exists regular, i.e. physically
admissible solution with the non integer eigenvalues of Mˆ2.2
Using commutation relations of the angular momentum operators and an auxiliary postu-
late, not following and independent from the commutation relations, it has been shown
that the only integer-valued spectrum of the square of the angular momentum and its third
component is compatible with the algebra of commutators (see, e.g. [6]). This postulate
states that by acting repeatedly with the rising (lowering) operator on a normalizable
eigenfunction of Mˆ2 and Mˆz with the negative (positive) eigenvalue −m (+m), one always
arrives to a normalizable eigenfunction with the positive (negative) eigenvalue +m (−m).
By explicitly solving eigenvalue equations we have shown that in general this is not the
case and therefore, this postulate does not constitute to a physical requirement [1]. Thus
the integer valued as well as non-integer valued spectrum of the eigenvalues of the angular
momentum is compatible with the commutation relations.
Integer valued spectrum is also obtained demanding single valuedness of the eigenfunctions
of Mˆz. According to the widespread view, condition of single valuedness is related to the
invariance of the observable physical quantities under rotations on 2pi (see, e.g. [2]-[4]). The
non single valuedness of the eigenfunction of Mˆz is usually discussed when the eigenfunction
is written in spherical coordinates. We have shown that, from purely mathematical
viewpoint, this eigenfunctions are in fact single valued functions. The eigenfunction
expressed in Cartesian coordinates indeed is not non single valued and this is due to the
non single valuedness of power functions of complex variables. However, this feature is fully
compatible with the well known fact that the wave function is defined up to an arbitrary
phase.
The requirement of single valuedness and periodicity of wave function was rejected by Pauli
[7]-[15] as requirement imposed on non observables; we completely agree with his critique.
Pauli introduced an alternate requirement from which he derived that the eigenvalues could
be only integer [7]. We found out that this alternate requirement does not correspond
to main physical principles of quantum mechanics similarly to the requirements of single
valuedness and periodicity, which were rightfully criticised and rejected by Pauli himself.
Conclusion based on the results obtained in [1] and in the present article is as follows:
There exist regular, physically admissible solutions to eigenvalue equation corresponding to
a non integer spectrum of eigenvalues of angular momentum. There is no any requirement
in the framework of quantum mechanics that excludes solutions with the non integer
2 Unfortunately, during the creation of quantum mechanics solutions in the form of Legendre polynomials
which lead to only integer values of the spectrum have not been critically analysed. As a result the
possibility of the existence of solutions with the non integer eigenvalues has been completely excluded.
17
spectrum, therefore, the issue of the nature of eigenvalues forming the spectrum of the
angular momentum remains open.
What we can claim for sure within the range of physically acceptable arguments is that to a
fixed value of the square of the angular momentum indeed corresponds a discrete spectrum
of eigenvalues of the third component of the angular momentum, defined by the relation
|m| = L − k, k = {0, 1, · · · , [L]}. This relation is the result of a physical requirement of
normalizability of a wave function. As for the eigenvalues of L, they can be integer as well
as non-integer.
Relation |m| = L − k, k = 0, 1, ..., [L], following from the requirement of normalizability,
manifests the symmetry Mˆ2(m) = Mˆ2(−m). The positive (+m) and negative (−m)
eigenvalues are simultaneously generated from this relation and there is no need, as it
is done in the analysis of algebra of commutation relations, to act repeatedly by rising
(lowering) operator on ΨMm(L,−m) (ΨMm(L,m)) in order to arrive to eigenfunction
with negative (positive) eigenvalue [6]. As demonstrated in [1], it is possible only for the
integer L. In general, for any L, the symmetry Mˆ2(m) = Mˆ2(−m) guarantees that for
a regular ΨMm(L,m) there always exist regular counterpart ΨM,m(L,−m). Regular ΨMm
contains absolute value of the parameter m, i.e.it is written as ΨMm(L, |m|). Condition of
truncating hypergeometric series, i.e. reducing hypergeometric functions into polynomials
that isolates regular eigenfunctions, guarantees that if ΨMm(L, |m|) is regular, so will be
ΨMm(L, |m| − 1). In other words, acting with the lowering operator Mˆ
− on ΨM,m(L, |m|)
results in both ΨMm(L,m − 1) and ΨMm(L,−m − 1). The latter are obtained acting
with the lowering operator only once while in the framework of algebra of commutation
relations it is postulated that acting repeatedly by lowering operator leads from ΨMm(L,m)
to ΨMm(L,−m). This postulate is of purely mathematical origin, dos not follow from
first principles and thus it is not necessary to hold. In [1] we demonstrated that there are
regular, physically admissible solutions of eigenvalue equation with non integer eigenvalue
that violate the postulate of covering whole spectrum by moving up (down) with Mˆ+ (Mˆ−).
Discussion above calls to a question: how to explain or describe discreteness of atomic energy
levels? In particular, the observed discrete spectrum of hydrogen atom can be obtained in
theoretical calculations if we solve the corresponding Schro¨dinger equation and assume/prove
that the square of the angular momentum has a discrete spectrum of eigenvalues. Indeed,
for εk, the observable discrete energy levels of hydrogen atom, quantum mechanics yields
ε ∼ (k+L+1)−2, where from the requirement that eigenfunction must be regular it follows
that k must be an integer number [2]-[4].
From our analysis it follows that L and m differ by integer number, |m| = L − k, however,
L can take any value. In a theoretical scheme which would guarantee the discrete values of
L there should exist relation of discreteness similar to the one which is obtained when indi-
cating its relation to m. As such a relation does not exist for L, the only condition leading
to a discrete L was the statement that L must be integer. This would guarantee that theory
describes well the discrete energy levels. For L integer quantum mechanics reproduces the
observed discrete spectrum, but if L is non integer, the theory fails to describe this concrete
observation.
To avoid this discrepancy and at the same time to not to introduce the statement - L is
always integer - which does not follow from the first principles, in this concrete problem of
describing the discrete energy levels we can simply swap the cause and the effect. Namely,
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in the theoretical description the discrete spectrum of the angular momentum can be related
the empirically observed discrete spectrum of atomic energy levels: since quantum mechan-
ics leads to ε ∼ (k + L + 1)−2, in order to satisfy the observation that ε is discrete, one
has to conclude that in this concrete problem L has to be integer. In this case the quan-
tum mechanical problem of the angular momentum will be analyzed using exactly the same
mathematical instruments as before, however the discrete character of L will be related to
the empirical facts and not to the theoretical arguments.
From the physical point of view such a scheme will be more systematic and self-consistent.
We are indebted with J. T. Gegelia for useful discussions and critically reading the
manuscript.
[1] G. Japaridze, A. Khelashvili, K. Turashvili, ”Critical comments on quantization of the angular
momentum: I. Analysis based on the physical requirement on eigenfunctions and on the
commutation relations”, arXiv:1912.08042 [physics.gen-ph], 2019.
[2] L. I. Schiff, ”Quantum Mechanics”, McGraw-Hill, New York, 1968.
[3] D. I. Blokhintsev, ”Quantum Mechanics”, Springer Netherlands, 1964.
[4] L. D. Landau and E. M. Lifshits, “Quantum Mechanics: Non-Relativistic Theory,”
Butterworth-Heinemann, Oxford, UK, 1991.
[5] V. A. Fock, ”Fundamentals of Quantum Mechanics”, Mir publishers, Moscow, 1970.
[6] S. Weinberg, ”Lectures on quantum mechanics”, Cambridge University Press, 2015.
[7] W. Pauli, ”U¨ber ein Kriterium fu¨r Ein-oder Zweiwertigkeit der Eigenfunktionen in der Wellen-
mechanik”, Helv. Phys. Acts, vol. 12, pp 147-168, (1939); reprinted in ”Collected Scientific
Scientific Papers by W.Pauli, in two Volumes”, Ed. By R. Kronig and V. Weisskopf, Inter-
science, New York, 1964.
[8] H. Bateman, A. Erdelyi, ”Higher Transcendental Functions (Bateman Manuscript Project)”,
Vol.1, McGraw Hill, 1953.
[9] M. Abramowitz and I. Stegun, ”Handbook of Mathematical Functions”, Dover, New York,
1970.
[10] E. T. Whittaker, G. N. Watson, ”A Course of Modern Analysis”, Cambridge University Press,
1927.
[11] E. T. Copson, ”An Introduction to the Theory of Function of a Complex Variable”, Oxford
University Press, 1935.
[12] A. Hurwitz, R. Courant, ”Geometric function theory”, Springer, 1964.
[13] W. Rudin, ”Functional Analysis”, McGraw-Hill Science, 1991.
[14] NIST Digital Library of Mathematical Functions. http://dlmf.nist.gov/, F. W. J. Olver et al,
comments to formulae 15.4.12, 15.4.14.
[15] E. Merzbacher, ”Single Valuedness of Wave Function”. American Journal of Physics, Vol.30,
N4, 1962.
19
